We develop a novel, highly scalable estimation method for large Bayesian Vector Autoregressive models (BVARs) and employ it to introduce an "adaptive" version of the Minnesota prior. This flexible prior structure allows each coefficient of the VAR to have its own shrinkage intensity, which is treated as an additional parameter and estimated from the data. Most importantly, our estimation procedure does not rely on computationally intensive Markov Chain Monte Carlo (MCMC) methods, making it suitable for high-dimensional VARs with more predictors that observations. We use a Monte Carlo study to demonstrate the accuracy and computational gains of our approach. We further illustrate the forecasting performance of our new approach by applying it to a quarterly macroeconomic dataset, and find that it forecasts better than both factor models and other existing BVAR methods.
Introduction
A number of recent contributions have highlighted the empirical success of large Bayesian Vector Autoregressive models (BVARs) in forecasting macroeconomic variables. These include, among others, Banbura et al. (2010) , Koop (2011) , Carriero et al. (2009 Carriero et al. ( , 2012 , Koop and Korobilis (2013) , Giannone et al. (2015) , and Koop et al. (2016) . The popularity of BVARs dates back to the early work of Litterman (1979) and Doan et al. (1984) and the so-called Minnesota prior, which imposes the belief that the dynamics of most macroeconomic variables can be described accurately using a univariate random walk process. In this paper, we are concerned with a specific aspect of these models, namely the choice of informativeness of their priors. 1 We focus our attention on the very popular and successful Minnesota prior, which relies on a small number of hyperparameters -often just one -to control the overall level of informativeness of the prior. There are two general strategies to eliciting the values of these hyperparameters, which differ mainly in the way they trade-off flexibility in the specification of the prior and computational tractability. The first approach relies on the original formulation of Litterman (1979) , who suggested shrinking the lags of the dependent variable and the lags of the other variables with a different intensity. This type of prior is sometimes referred to as an "asymmetric" Minnesota prior (see for example Carriero et al., 2016) , and is implemented by imposing a heavier shrinkage on the lags of the other variables to reinforce the random walk nature of the prior. The flexibility of this prior translates into costly and time-intensive computations, as the posterior distribution of the VAR coefficients can only be obtained through the use of Markov Chain Monte Carlo (MCMC) methods. 2 This, in turn, makes the asymmetric Minnesota prior hard to employ in large-dimensional VARs. 3 The second strategy focuses on a restricted version of the original Minnesota prior, where all 1 As noted by Giannone et al. (2015) , the choice of informativeness of the prior distribution bears important consequences for the performance of the BVARs, both in terms of in-sample fit as well as out-of-sample forecasting.
2 In the pre-MCMC era, researchers used to fix the VAR covariance matrix to its OLS estimate (or even impose a diagonal structure), and then draw inference about intercepts and coefficients of lagged variables using analytical results. This is also the approach followed by Litterman (1986) . See also Kadiyala and Karlsson (1997) , and Koop and Korobilis (2010) for excellent reviews on BVARs.
3 In a recent paper, Carriero et al. (2016) propose a transformation of the original n-dimensional BVAR that breaks its estimation into n univariate regressions. Their approach can handle asymmetric priors (and timevarying volatility) and yields significant computational benefits, reducing the computational complexity by a factor of n 2 relative to the existing algorithms. However, this approach also relies on MCMC methods and can still be cumbersome in high dimensions.
the coefficients are shrunk with the same intensity. The symmetry restriction paves the way to the use of the natural conjugate prior and the availability of analytical results for the parameter posterior distributions and predictive densities. On the one hand, the symmetry of the priors makes this approach particularly suited to handle large-dimensional VARs. In fact, this version of the Minnesota prior has been used successfully by both Banbura et al. (2010) and Carriero et al. (2012) to estimate BVARs with more than 120 variables. On the other hand, the symmetry of the prior brings a number of undesirable consequences. Most importantly, it imposes that the prior covariance of the coefficients in any two equations must be proportional to one another, which is a very restrictive feature. Suppose for example that the researcher wishing to employ the BVAR believes in money neutrality. This belief could be implemented by setting a very tight prior around zero for the lagged money growth coefficients in the GDP equation, and a much looser prior for the same coefficients in the other equations of the VAR. Unfortunately, the natural conjugate prior cannot be adapted to fit this situation, and may ultimately lead to an inferior model. 4 In this paper, we propose a novel estimation procedure that combines the flexibility of the original asymmetric Minnesota prior of Litterman (1979) with the computational tractability of the natural conjugate prior. Following van den Boom et al. (2015a,b) we introduce a rotation of the original data where, one at a time, we break the dependence between one of the BVAR coefficients and all the remaining ones, which are effectively treated as nuisance parameters. This rotation allows us to reduce a high-dimensional posterior derivation into a number of independent scalar problems, each one yielding an approximated marginal posterior distribution that can be derived analytically. We exploit this framework to introduce a new and highly flexible version of the Minnesota prior, where each coefficient is allowed its own shrinkage hyperparameter. These, in turn, are estimated from the data by maximizing the marginal likelihood of the rotated regressions. We label this new prior "adaptive Minnesota prior ", to explicitly highlight the fact that the shrinkage intensity is allowed to vary with the data, in a highly flexible way. Most importantly, thanks to the independence between the approximated marginal posteriors and the availability of analytical results, our proposed approach is highly scalable and can be easily parallelized to fully exploit the power of modern computer clusters. 5 We implement a thorough Monte Carlo analysis to investigate the performance of our proposed approach, and compare it against some of the existing methods including a VAR with flat priors (estimated by OLS) and the popular BVAR approach of Giannone et al. (2015) . We simulate VARs of different sizes, ranging from small (n = 3) to large (n = 20) systems, and overall find that our adaptive Minnesota prior delivers the most accurate estimates of the true underlying BVAR coefficients. This is particularly true in the large VAR case, where the importance of shrinkage is higher. We also find that these improvements are highly related to the ability of our approach to implement individualized shrinkage on the various VAR coefficients. Specifically, we find that our approach generally imposes a heavier shrinkage on the VAR coefficients when their true underlying values are in fact zero. We then carry out a substantial macroeconomic forecasting exercise involving VARs with up to 40 dependent variables and five lags. We investigate the forecasting performance of seven key macroeconomic variables, comparing the adaptive Minnesota prior to various popular alternatives including, in addition to the VAR with flat priors and the BVAR approach of Giannone et al. (2015) , the Dynamic factor model of Stock and Watson (2002) , the Factor-Augmented VAR of Bernanke et al. (2005) , the homoskedastic BVAR with asymmetric priors of Carriero et al. (2016) , and the BVAR of Banbura et al. (2010) . Our results are quite encouraging for the adaptive Minnesota prior, showing superior forecast improvements in many cases and comparable forecast performance in the remainder.
Our adaptive Minnesota prior is related to a number of existing approaches that use the data to infer the prior informativeness of the VAR coefficients. These include Litterman (1979 ), Doan et al. (1984 , Banbura et al. (2010) , Bloor and Matheson (2011), Giannone et al. (2015) , and Huber and Feldkircher (2016) . The last two papers, in particular, are the most closely related to ours. Giannone et al. (2015) integrate the choice of the prior informativeness in the estimation of a BVAR by adding an extra layer to the prior structure, and placing a separate prior on the hyperparameters, in a hierarchical fashion. As with our approach, the prior hyperparameters are estimated from the data. However, their method relies on the very restrictive natural conjugate 5 This work made use of the High Performance Computing Cluster (HPC64) at Brandeis University.
prior, and imposes that all coefficients are shrunk with the same intensity. In contrast, our approach works with the less restrictive asymmetric Minnesota prior, and most importantly yields individualized shrinkage factors on the BVAR coefficients. Huber and Feldkircher (2016) consider a BVAR with stochastic volatility and do allow for idiosyncratic shrinkage on the BVAR coefficients and covariance terms. The idiosyncratic shrinkage factors are estimated from the data, using a multi-layered hierarchical setup and a Metropolis-within-Gibbs sampler. Relative to their approach, our adaptive Minnesota prior is significantly simpler to implement, with essentially no tuning required on the prior hyperparameters, and posterior distributions that are available analytically, making it particularly suited for high dimensional VARs. To give an idea of the computational burden involved with implementing our approach, estimation of the largest VAR considered in this paper, a 40 variable VAR with five lags, takes about 40 seconds on a 64-bit Windows PC with a 3.4 Ghz Quad-Core Intel i7-3770 processor and MatLab (R2015b).
The rest of the paper is organized as follows. Section 2 provides a general description of Bayesian VARs and introduces our adaptive Minnesota prior. Next, Section 3 goes over the estimation procedure we rely on to implement the adaptive Minnesota prior and automatically select, one coefficient at a time, the optimal level of informativeness of the prior. Section 4 describes in details our Monte Carlo exercise, while Section 5 is devoted to the macroeconomic forecasting application. Finally, Section 6 offers some concluding remarks.
Adaptive Minnesota Prior
Our starting point is the following n-dimensional VAR(p) model
where y t is an n × 1 vector of time series of interest, c is an n × 1 vector of intercepts, A 1 , ..., A p are n × n matrices of coefficients on the lagged dependent variables, and ε t ∼ N (0, Ω), with Ω an n × n covariance matrix.
We are particularly interested in the situation when the dimension of the VAR, n, is large, in which case the system in (1) suffers from the well-known curse of dimensionality. To deal with this problem, we estimate the model using the Bayesian VAR (BVAR) approach, which deals with the over-parametrization of the VAR by imposing some informative prior beliefs on the parameters c, a, and Ω, where a = vec ([A 1 , ..., A p ]) denotes the n 2 p × 1 vector that groups together all VAR coefficients associated with the lags of y t . We consider the following prior for the VAR coefficients:
where c i and a i,j denote, respectively, the intercept and j-th coefficient in the i-th VAR equation.
Note that we have implicitly assumed prior independence among the elements of c and a. This assumption is frequent in Bayesian analysis, as we do not have any reason to believe that the coefficients a i,j should be a-priori correlated (this assumption is equivalent to assuming that the coefficient vector a has a multivariate Normal prior with diagonal covariance matrix).
Despite the independence assumption for c i and a i,j , the prior in (2) is quite flexible and can accommodate a number of prior choices for VARs, including the very popular and successful Minnesota prior. 6 This is also our starting point. However, we introduce an important twist to the way we specify the Minnesota prior. Generally, this type of prior relies on a small number of hyperparameters -often just one -to control the overall level of informativeness of the prior for the parameter vector a. In our approach, we propose instead to modify the standard Minnesota prior and allow the shrinkage intensity on each VAR coefficient to be potentially different. We thus consider the following prior for the generic a i,j VAR coefficient:
In what follows, we will refer to the prior in (3) as an "adaptive Minnesota prior ". In fact, as it can be easily seen from (3), this prior closely resembles a Minnesota prior and shares with it a number of important features. First, the own first lag of each variable (i.e. a i,i ) is centered around δ i , which in turn is generally set to either zero or one depending on the degree of mean reversion on the i-th variable in the VAR. 7 On the other hand, all other coefficients, including 6 We should point out that there are some exceptions to this rule, and in fact some of the priors considered in the BVAR literature do require prior correlation among the coefficients of the same equation. See for example the sum of coefficients and unit root priors proposed by Sims (1993) and Sims and Zha (1998) .
7 With highly persistent variables entering the VAR in levels or log-levels (e.g. interest rates or log-GDP), it is typical to set δi = 1. In all other cases, it is customary to work with δi = 0. the more distant own lags (i.e., a i,j , i = j), are centered around zero. Second, the prior variance of the VAR coefficients embodies the notion that more distant lags become increasingly less important. This belief is reflected in the term 1/l 2 i,j , which controls the rate at which the prior variance decreases as the lag length increases (we use l i,j to denote the lag length associated with the a i,j coefficient, which can be backed out by l = j/i ). 8 The parameter ψ, usually set to be lower than one, implements additional shrinkage on the cross-equation coefficients, which are deemed to be a-priori less important in describing the dynamics of a given variable. Finally, the prior variance is rescaled by σ 2 i /σ 2 k , the ratio between the variance of variables i and k, which controls for the different scale and variability in the data (k denotes the variable that the a i,j coefficient belongs to, i.e. k = j − n (l i,j − 1)). 9
As we mentioned above, the key novelty of the prior specification in (3) is the presence of the prior hyperparameter λ i,j , which controls the tightness of the prior distribution and is allowed to differ across the VAR coefficients. As a result, this simple modification gives rise to a highly flexible variant of the original Minnesota prior. In contrast, all the existing Minnesota prior formulations restrict the shrinkage parameter to be equal for all VAR coefficients (i.e., λ i,j = λ).
As one may expect, plugging our flexible prior into equation (1) will lead to a complex parameter posterior that can only be approximated with computationally intensive MCMC methods. In the next section we develop an alternative algorithm that allows to compute the marginal posterior of each VAR coefficient and its optimal level of prior informativeness λ i,j analytically.
A New Bayesian VAR methodology
In this section we introduce a novel and highly scalable algorithm for BVAR inference that relies on the adaptive Minnesota prior in (3) and at the same time automatically selects the hyperparameters λ i,j (i = 1, ..., n, j = 1, ..., np), controlling the optimal level of informativeness of the prior. Our algorithm operates by breaking the evaluation of the multivariate posterior distribution of the BVAR parameters {c, a, Ω} into a number of one-dimensional problems, each one focusing on a single element of the parameter set. The approach proceeds in three steps.
In the first step, we rewrite the original VAR model in (1) in a form that allows to estimate 8 We denote with x the floor of x, i.e. the smallest integer greater or equal to x. 9 We follow standard practice and set σi, i = 1, ..., n, equal to the standard deviation of the residuals from n univariate AR(1) models estimated using OLS. See Litterman (1986) for more details.
the VAR coefficients {c, a} and the elements of the covariance matrix Ω one equation at a time. Next, in the second step, we introduce a rotation of the original data which breaks the dependence between a given coefficient of the VAR and all the remaining ones within the same equation, which are effectively treated as nuisance parameters. This rotation allows to focus on the marginal posterior distributions of the individual VAR coefficients, one at a time. In the last step of our procedure, we derive analytical formulae for the moments of the marginal posterior distribution of each VAR coefficient. Furthermore, we show how to integrate the adaptive Minnesota prior in (3) within this last step of the algorithm, and how to automatically select the prior hyperparameters λ i,j from the data.
Triangularization of the VAR
To specify a prior distribution with implied moments as described in (3), we need first to rewrite the VAR in (1) in a more convenient form. To that effect, we follow Carriero et al. (2016) and Koop et al. (2016) and decompose the VAR covariance matrix Ω in (1) as
where
and Σ = diag (σ 1 , ..., σ n ). Under this decomposition the residuals of the original VAR(p) in (1) can be written using the identity ε t = Γ −1 Σu t , with u t ∼ N (0, I n ), which implies that the i-th row of this identity is
As a result, the VAR(p) in equation (1) admits the following triangular structure,
y n,t = c n + a n,· X t + γ n,1 σ 1 u 1,t + ... + γ n,n−1 σ n−1 u n−1,t + σ n u n,t ,
where a i,· = [a i,1 , ..., a i,np ] denotes the vector of coefficients in the i-th VAR equation, and X t = y t−1 , ..., y t−p . Next, we modify the prior in (2) to exploit the triangularization of the VAR, breaking the IW prior for Ω into p (Ω) = p Γ −1 p (Σ), and write
As noted by Carriero et al. (2016) , the re-parametrization of the VAR(p) in (6)- (7) 
or, more compactly,
with Z i,t = (X t , u 1,t , ..., u i−1,t ),
, and u l,t = σ l u l,t , l = 1, ..., i − 1. Furthermore, using (7) rewrite the prior for β i , σ 2 i as
10 It is worth pointing out an important feature that affects all models that rely on the triangularization in (6). Since in (7) the priors for Γ −1 and Σ are elicited separately, the implied prior for Ω will change if one changes the equation ordering. As a result, different orderings of the variables in the VAR will lead to different prior specifications for Ω and potentially different joint posteriors of the BVAR parameters {c, a, Ω}. As noted by Primiceri (2005) , this problem will likely be less severe in the case as it is here in which the elements of the covariance matrix in Γ −1 do not vary with time, because the likelihood will quickly dominate the prior as the sample size increases. On this point, see also the estimation algorithms of Smith and Kohn (2002) and George et al. (2008) and discussions therein.
Provided that all previous i − 1 equations have been already estimated, all terms on the right hand side of (9) involving the previous equation error terms can be replaced by their estimated counterparts. Hence, the full posterior for the VAR parameters c, a, Γ −1 , Σ can now be obtained recursively in separate blocks, one equation at a time.
To conclude this section, we note that one could exploit the triangularization in (6)- (7) to allow for a separate Minnesota shrinkage hyperparameter in each VAR equation (i.e., λ i , 
A useful rotation of the original VAR
Reconsider now (9), the i-th equation of the triangular VAR in (6). We now describe how we further transform equation (9) in order to obtain suitable expressions for the posterior distributions of the VAR coefficients under the adaptive Minnesota prior. In order to achieve that, we rotate each VAR equation so that we can isolate the marginal effect of the j-th element of β i , j = 1, ..., k i , and derive an analytical expression for its marginal posterior. 12
First, let us stack all time series observations of the i-th VAR equation (9) as follows,
containing all right-hand-side variables of equation i, and β i is the corresponding
Consider now the generic j-th coefficient β i,j (j = 1, ..., k i ). Starting with (12), we follow van den Boom et al. (2015a,b) and define the following rotation,
where q 1 = Z i,j / Z i,j is a T × 1 unit vector in the direction of j-th column of Z i and Q 2 is an arbitrarily chosen T × T − 1 matrix, subject to the constraint Q 2 Q 2 = I T − q 1 q 1 . Note that since the T × T matrix Q = [q 1 |Q 2 ] is of full rank, the suggested rotation provides a one-to-one mapping between the original data y i and the rotated data (y * i , y i ).
Combining (12) and (13), it is possible to show that the distribution of the rotated data (y * i , y i ) is given by 13
The rescaled regression in (14) separates a single observation for which the scalar y * i depends on β i,j from the remaining T − 1 observations, for which the vector y i is conditionally independent of the effect of β i,j . Most importantly, the rescaled regression in (14) shows that the (T − 1) × 1 vector y i is conditionally independent of β i,j . This result leads to the following expression for p (β i,j |y i ), the marginal posterior distribution of β i,j :
In other words, the marginal posterior distribution of β i,j is proportional to the rotated likelihood p (y * i |β i,j , y i ) and the prior p (β i,j ). 14 Most importantly, equation (15) reveals that thank to the rotation in (13), it is now possible to conduct posterior inference on the whole vector of VAR coefficients β i one element at a time. Empirically, the usefulness of this result hinges on two important conditions. First, the elements of p (β i ) should be a priori independent, that is,
. Second, the rotated likelihood p (y * i |β i,j , y i ) should to be available in closed form. As for the first condition, we note that the prior distribution we introduced in 13 We provide a proof of this result in the Appendix A. 14 The result in (15) is obtained by first noting that the one-to-one mapping between y i and (y * i , y i ) implies that p (βi,j|y i ) = p (βi,j|y equations (10)-(11) satisfies this requirement. The main challenge in using (15) for posterior inference is therefore to evaluate the rotated likelihood, and this is where we turn our attention next.
We show in Appendix A that under a natural conjugate prior for β i,(−j) , σ i we have that
and
The exact formulas for the posterior moments
, and d are standard to derive, and are also provided in Appendix A. The key concept in equations (16) is that we have chosen to approximate the Student-t predictive distribution using a Normal distribution.
An immediate question is how good an approximation this will be. If σ 2 i is known, then the formulas are exact. In other words, the rotated likelihood p (y * i |β i,j , y i ) is indeed normal with the moments specified above. When σ 2 i is unknown then the approximation can still be quite accurate, and the accuracy will increases with the sample size. 15
Implementing the adaptive Minnesota prior
Armed with an analytical expression for the rotated likelihood in (15), we are now ready to implement the adaptive Minnesota prior set forth in (3), and allow for a different shrinkage parameter λ i,j for each coefficient of the VAR. We accomplish this by specifying a Gaussian prior of the form
where we remind that β i,j can be any of the three types of elements in the vector β i , namely intercept c i , covariances γ i,i , and coefficients on lags a i,· . Therefore, the moments β i,j and V β i,j are adjusted accordingly depending on the type of parameter they refer to. First note that because of the approximation in (16), we can derive the marginal likelihood for y * i analytically. This takes the form
Next, we can choose the shrinkage parameter λ i,j that maximizes the Marginal Likelihood of the model, i.e.
The key takeaway from (20) and (21) is that we have now derived a principled way to choose the shrinkage parameter λ i,j that maximizes the Marginal Likelihood of the model for β i,j , and we can do so separately for each of the k i VAR coefficients within equation i, and similarly for each of the n VAR equations. Finally, conditional on the optimal shrinkage intensity λ i,j , it is straightforward to compute the marginal posterior of the VAR coefficient β i,j , which is available analytically and is of the form
where both β i,j and V β i,j depend on λ i,j (indirectly, through V β i,j ), and are given by
In practice we need to sequentially optimize λ i,j in (21) and compute the posterior mean and variance of β i,j in (23) for all j = 1, ..., k i and all VAR equations i = 1, ..., n. This procedure will require multiple "for loops" (i.e. as many as the number of VAR coefficients). Doing so might sound quite cumbersome, and at first the benefits relative to MCMC methods (which also involve expensive "for loops") might not be readily clear to the reader. However, it is important to clarify at this point that all elements in in (21) and (23) are scalars, which means that all formulas are extremely fast to evaluate. In addition, all the steps described in this section can be parallelized, so the algorithm can be easily adapted to fully exploit the power of modern highperformance computer clusters. These features guarantee that the proposed algorithm can be implemented very efficiently and with very low computational costs, even for large-dimensional VARs.
Monte Carlo Analysis
In this section we use three simulated examples to illustrate the performance of the adaptive Minnesota prior approach introduced in Section 2, and compare it against some of the existing methods, including a VAR with flat prior and no shrinkage estimated by OLS (henceforth, VAR-OLS), and a Bayesian VAR where the optimal shrinkage parameter is selected as in Giannone et al. (2015) (henceforth, BVAR-GLP). To investigate the importance of shrinkage as a function of the VAR size, we consider three different cases, each one differing in the number of variables included in the VAR. More specifically, we investigate small (n = 3), medium (n = 7), and large-scale (n = 20) VAR models. In all three cases, we set the number of lags to p = 2. We model the persistence of each variable in the VAR by setting the first own lag coefficient to be in the range [0.4, 0.6], i.e.
where ρ i ∼ U(0.4, 0.6), i = 1, ..., n. The coefficients on the subsequent own lags, (A l ) i,i are then generated according to the rule that (
, implying a geometric decay in their magnitudes, with the more distant lags having a lesser impact, in the the spirit of the Minnesota prior. 16 As for the coefficients on the other lags, we set them according to the following rule:
where ξ ∈ (0, 1) is the probability of obtaining a non-zero coefficient. We set σ 2 ξ = 0.1 and calibrate the inclusion probability according the the VAR size by setting ξ = 1/ (n − 1). This implies that the number of non-zero coefficients decreases with the VAR size, a feature that is consistent with actual data. 17 Next, we decompose the covariance matrix Ω as Ω = ΠΠ where Π is lower triangular, i.e.
and set its generic element π i,j according to the following rule:
where we fix ξ π = 0.5. Finally, as mentioned above, we only implement the adaptive shrinkage prior on the elements of the vector a while we specify an uninformative prior on the intercept and covariance terms, with mean equal to 0 and variance equal to 10. As for the remaining prior hyperparameters in (3), we set δ i = 0.9 (i = 1, ..., n), while we set the additional shrinkage parameter ψ according to the VAR size, with ψ = 0.1 in the small and medium VARs, and ψ = 0.05 in the large VAR.
Next, for each VAR size we generate 1000 VAR(p) models of size T = 150 each, and evaluate the performance of the competing methods in two ways. First, we compare the optimal degree of shrinkage estimated by the BVAR methods. Second, we look at the effectiveness of the various methods in recovering the parameters of the true data generating process. To this end, for each of the approaches considered in this section, we compute the Mean Absolute Deviation (M AD),
where s denotes the method used, i.e. s ∈ (VAR-OLS, BVAR-GLP, adaptive Minnesota prior), r = 1, ..., 1000 keeps track of the MC simulations, n 2 p denotes the total number of lag coefficients in the VAR, A who also find that the optimal degree of shrinkage decreases with the VAR size. 19 Next, the middle panels of Figure 1 display the empirical distributions of the average optimal shrinkage parameter λ i,j obtained with our Adaptive shrinkage procedure. Overall, as it was the case with the BVAR-GLP approach, we find that more shrinkage is required when the VAR size increases.
The average shrinkage intensity goes from 0.462 in the small VAR case to 0.345 in the large VAR.
A notable feature of our procedure is that it yields individualized shrinkage coefficients for the different VAR coefficients. While we find that on average our approach and the BVAR-GLP method yield very similar shrinkage, we also uncover a large degree of heterogeneity among the values of λ i,j obtained using our algorithm. The bottom three panels of Figure 1 provide additional details on this regard. While it would be impossible to plot each individual hyperparameter, we show in the three bottom panels of the figure the average degree of shrinkage broken down according to whether the corresponding true VAR coefficients
It is interesting to note how across all VAR sizes the two empirical distributions are markedly different. That is, whenever the coefficients in the VAR are equal to zero, the estimated λ i,j tend to be substantially smaller than the estimated prior hyperparameters associated with the non-zero VAR coefficients. In other words, our adaptive procedure generally imposes a heavier shrinkage when the underlying VAR coefficient is in fact zero. 20 In contrast, traditional Minnesota approaches rely on an "average" shrinkage parameter applied to all coefficients -even if the VAR has hundreds of thousands of coefficients.
We next look into whether the additional flexibility that our approach brings is useful in obtaining improved accuracy in the estimation phase. Figure 2 provides evidence on this regard, summarizing the accuracy, as measured by the MAD metrics, of the VAR-OLS and the two BVAR approaches in recovering the true underlying VAR coefficients. While we find no major 19 There are a number of differences between the exercise we implement here and the simulation performed by Giannone et al. (2015) . In particular, the latter work with actual macro data while we simulate our series. Also, their sample is a bit larger than ours, as is the lag length of their VAR models. In their case, they set T = 200 and p = 5. The stronger persistence in their data along with the longer lag length leads in their case to a much stronger shrinkage than what we find, especially in the case of the large VAR.
20 Figure C .1 in Appendix C further breaks down the shrinkage intensity by own-lag and other-lag coefficients, i.e. ai,i vs. ai,j (i = 1, ..., n, j = 1, ..., np and i = j). The latter group is further divided according to whether the true other-lag coefficient is equal to zero or not. differences between the three methods when focusing on small VARs, the second and third panels of the figure clearly reveal the increasing beneficial effect of parameter shrinkage. In addition, it appears that for both the medium and the large VARs, the adaptive Minnesota approach is outperforming both alternative methods. In the medium VAR case, our procedure yields an average M AD of 5.51% (with a standard deviation, computed over the 1, 000 simulations, of 2.09%), while the corresponding figures for the VAR-OLS and BVAR-GLP are 11.2% and 7.59% (standard deviations are 4.07% and 2.29%, respectively). In the large VAR case, our approach yields an average MAAD of 5.66% with a standard deviation of 1.36%. In contrast, the VAR-OLS delivers an average M AD of 19.14% (standard deviation of 10.65%), while the BVAR-GLP average M AD is equal to 6.35% (standard deviation of 2.43%).
Macroeconomic Forecasting

Data and Models
We use 124 quarterly variables for the US spanning the period 1959Q1 to 2015Q4. 21 The data, which are obtained from the Federal Reserve Economic Data (FRED) and are available at https://fred.stlouisfed.org, cover a wide range of key macroeconomic variables that applied economists monitor regularly, such as different measures of output, prices, interest and exchange rates, and stock market performance. We provide the full list of data and their transformations in order to achieve stationarity, in Appendix B. Out of the 124 series, we further distinguish seven "variables of interest", that is, key variables of interest which we will inspect very closely in order to evaluate how well the different models perform. Consistent with previous studies (Banbura et al., 2010; Giannone et al., 2015) , the first three key variables are: real gross domestic product (GDP), GDP deflator (GDPDEFL), and federal funds rate (FEDFUNDS). We also evaluate the various models in terms of an additional set of four series: total employment (PAYEMS), unemployment rate (UNRATE), consumer prices (CPIAUCSL), and the 10-year rate on government securities (GS10).
We estimate several BVAR models, and for the sake of comparability, whenever possible, we try to use the same exact prior settings. In particular, in all BVAR models we set δ i = 0.9 (i = 1, ..., n) and calibrate the additional shrinkage parameter ψ according to the VAR size.
We start by estimating a BVAR using our adaptive Minnesota prior in (3), with the prior hyperparameters λ i,j tuned optimally using the algorithm described in Section 2. We label this model with the mnemonic BVAR-KP. We next consider three variants of the BVAR with Minnesota prior, as suggested by Banbura et al. (2010) GLP). For the BVAR-BGR approach, we estimate the common shrinkage hyperparameter λ by focusing on the same grid as in our BVAR-KP approach. As for the BVAR-CCM approach, which require setting a-priori the overall prior tightness, we follow the recommendation of Sims and Zha (1998) and set λ = 0.2. Finally, the BVAR-GLP method is fully automatic and requires no further tuning of the prior hyperparameters. 22 Along with the various BVAR models, we also consider a dynamic factor model (DFM) as in Stock and Watson (2002) , estimated with OLS and with factors extracted using PCA, as well as a factor-augmented VAR (FAVAR) as in Bernanke et al. (2005) , also estimated using OLS and PCA.
We estimate all competing methods on three VAR sizes, medium (seven variables), large (20 variables) and x-large (40 variables), where in all models the seven variables of interest, as detailed above, are in common. We do this to gradually assess the role of shrinkage in each competing method. Finally, we set the maximum number of lags to p = 5. For all models/methods that rely on the Minnesota prior (i.e., our KP approach plus the three BVAR variants) we focus on a VAR(p) specification and let the prior shrink to zero the irrelevant coefficients. For the DFM and the FAVAR, we use the Bayesian information criterion (BIC) to select the optimal number of factors (minimum is 1 and maximum is √ n , with n the VAR size) and the optimal number of lags (ranging from one to five).
Measuring Predictive Accuracy
We use the first twenty five years of data, 1959:Q3-1984:Q4, to obtain initial parameter estimates for all models, which are then used to predict outcomes from 1985:Q1 (h = 1) to 1985:Q4 (h = 4).
The next period, we include data for 1985:Q1 in the estimation sample, and use the resulting 22 Note that the BVAR-GLP approach allows other prior variants, such as the sum-of-coefficients prior. We have estimated a number of these variants and, with the exception of the sum-of-coefficients prior, by and large the results do not seem to change significantly. As expected, with stationary data as it our case, the sum-of-coefficients prior does not work particularly well.
estimates to predict the outcomes from 1985:Q2 to 1986:Q1. We proceed recursively in this fashion until 2015:Q4, thus generating a time series of point and density forecasts for each forecast horizon h, with h = 1, ..., 4. 23
Next, for each of the seven key variables listed above we summarize the precision of the h-step-ahead point forecasts for model i, relative to that from a benchmark VAR(p * ), by means of the ratio of MSFEs:
where the benchmark VAR(p * ) has flat prior and is estimated using OLS, p * denotes the largest lag length that can be estimated in a VAR with OLS and the data at hand, t and t denote the start and end of the out-of-sample period, and e 2 i,j,τ +h and e 2 bcmk,j,τ +h are the squared forecast errors of variable j at time τ and forecast horizon h associated with model i We also assess the accuracy of the point forecasts of the various methods using the multivariate loss function of Christoffersen and Diebold (1998) . Specifically, we compute the ratio between the multivariate weighted mean squared forecast error (WMSFE) of model i and the WMSFE of the benchmark VAR(p * ) model as follows:
where we i,τ +h = e i,τ +h × W × e i,τ +h and we bcmk,τ +h = e bcmk,τ +h × W × e bcmk,τ +h are time τ + h weighted forecast errors of model i and the benchmark model, e i,τ +h and e bcmk,τ +h are either the (3 × 1) or the (7 × 1) vector of forecast errors for the key series we focus on, and W is either a (3 × 3) or a (7 × 7) matrix of weights. Following Carriero et al. (2011) , we set the matrix W to be a diagonal matrix featuring on the diagonal the inverse of the variances of the 23 Note that when h > 1, point forecasts are iterated and predictive simulation is used to produce the predictive densities.
24 That is, p = 5 for the medium VAR, p = 2 for the large VAR, and p = 1 for the x-large VAR.
series to be forecast.
As for the quality of the density forecasts, we follow Geweke and Amisano (2010) and compute the average log predictive likelihood differential between model i and the VAR(p * ) benchmark,
where LP L i,j,τ +h (LP L bcmk,j,τ +h ) denotes model i's (benchmark's) log predictive score of variable j, computed at time τ + h, i.e., the log of the h-step-ahead predictive density evaluated at the outcome. Positive values of ALP L ijh indicate that for variable j and forecast horizon h on average model i produces more accurate density forecasts than the benchmark model.
In order to test the statistical significance of differences in point and density forecasts, we consider pairwise tests of equal predictive accuracy (henceforth, EPA; Diebold and Mariano, 1995; West, 1996) Harvey et al. (1997) . In the tables, we use ***, ** and * to denote results which are significant at the 1%, 5% and 10% levels, respectively, in favor of the model listed at the top of each column.
Forecasting Results
We now present results on the short-term forecasting performance of the various methods describesd above, based on the model sizes and forecast metrics outlined in the previous subsections. Starting with Table 1 , we report the W M SF E computed using all seven series (right panels), as well as the smaller subset comprising the three key variables (left panels). In particular, we compute the W M SF E metric from all six competing models, namely DFM, FAVAR, BVAR-BGR, BVAR-CCM, BVAR-GLP and BVAR-KP, and for all three VAR sizes, medium, large and x-large.
A quick look at Table 1 reveals that in 20 of the 24 cases considered (that is, 3 VAR sizes, 4 forecast horizons, and 2 sets of variables) our proposed prior and estimation method generates the most accurate point forecasts. This is true whether we combine the three or the seven variables of interest in the calculation of the multivariate W M SF E metric. Moreover, in the four cases where our model does not come out on top, we find its performance to be still quite strong, securing it the second place not too far behind the best model, the BVAR-CCM.
Interestingly, it also appears that both our BVAR-KP and the BVAR-CCM are overall doing substantially better than the two other BVAR methods, BVAR-BGR and BVAR-GLP, which rely on the more restrictive natural conjugate prior. As it can be seen moving from the top to the bottom of the table, the wedge between the former and the latter sets of models tends to widen with the VAR size, implying that as the number of coefficients to estimate grows, the symmetry restrictions imposed by the natural conjugate prior become more and more detrimental to the overall performance of the VAR. All in all, these results help establish the benefits of using the independent Normal priors and the asymmetric version of the Minnesota prior originally proposed by Litterman (1979) . They also showcase the usefulness and forecast accuracy of our adaptive Minnesota prior approach, which further improves over the BVAR-CCM method. 25
Next, Figure 3 to Figure 5 show the cumulative sum of weighted forecast errors generated by each of the competing models we considered, over the whole out-of-sample period. The purpose of these graphs is to investigate the evolution of the forecast performance of the various models over time. That is, while the W M SF E metric gives a picture of the average forecast performance over the whole evaluation period, the cumulative sums are meant to reveal if there are undesirable volatile behaviors during sub-samples of the evaluation period by any of the competing methods. 26 These weighted forecast errors are computed by multiplying the simple forecast errors of all three (or seven) variables of interest by the weighting matrix W , as defined 25 It is worth reminding the reader at this point that the BVAR-CCM is the only BVAR method we considered that requires manual intervention in the tuning of the overall shrinkage intensity parameter λ. While in this particular setting the recommendation of Sims and Zha (1998) of setting λ = 0.2 appears to work quite well, we have also found in our experimentation that many other (reasonable) values of λ yields considerably worse forecasts for the BVAR-CCM. On the other hand, our flexible and fully automated approach of selecting the Minnesota shrinkage hyperparameter(s) λi,j does not suffer from such shortcomings. In light of the fact that computationally our approach is considerably faster than the BVAR-CCM method, the excellent performance we observe is even more remarkable.
26 The typical example of this would be a model producing a very low forecast error in one period, followed by an extremely large forecast error in the next period.
previously. As in Table 1 , results are presented relative to the benchmark VAR(p * ) model. That is, each line depicted in the figures denotes the cumulative differential between the weighted forecasts of a given model and the benchmark VAR(p * ) model. More specifically, for each model size and for each forecast horizon h, we plot the time series
where i denotes the model considered, h is the forecast horizon, and t ∈ t, t denotes the time period. Positive values indicate smaller weighted forecast errors relative to the benchmark VAR(p * ) and, as a consequence, better forecasting performance. All three figures reveal that the excellent performance of the BVAR-KP in Table 1 is not due to any specific and shortlived episodes, but is rather built gradually over the whole evaluation period, as indicated by the (almost always) increasing CSW F ED lines. The BVAR-CCM follows closely behind, performing as well or slightly better than the BVAR-KP at the very short forecast horizon (this happens for h = 1 in the large and x-large VARs), and trailing at longer forecast horizons. All other factor models and BVARs fall significantly behind.
We next dissect the forecast performance of the various methods by looking at how they fare when focusing on the individual series we are most interested on. In particular, Table 2,   Table 3 , and Table 4 report individual MSFE ratios for the medium, large and x-large VARs, broken down by each of the seven variables of interest and by forecast horizon. Note that, as in Table 1 , these ratios are relative to the benchmark VAR(p * ) model, with values smaller than one implying an improvement over the benchmark model. 27 Overall, all three tables confirm the excellent forecast performance of our proposed BVAR-KP approach. The only case when our method is not performing well is for the one-step ahead (h = 1) forecasts of the consumer price index (CPIAUCSL). In this case, forecasts from the BVAR-KP are similar to those of the DFM, while the alternative BVAR methods tend to perform better. Nevertheless, it is worth noting that in the x-large case all approaches fail to improve for the one-step ahead forecasts of the consumer price index (relative to the benchmark), and in the medium and large cases 27 Note that Table 2 for the medium VAR does not include forecasts for the FAVAR model. This is because the medium VAR only includes the seven variables of interest, which means that the equivalent FAVAR would only be including all the variables of interest and no factors. In other words, in this case the FAVAR would collapse down to a simple VAR. the improvements are never statistically significant. With regards to all other variables, our approach provides significant improvements over the benchmark VAR(p * ), sometimes reaching improvement in MSFEs of the order of 80%.
We conclude this section by evaluating performance over the whole predictive densities. Socalled density forecasts are important part of macroeconomic forecasting, since they allow us to evaluate the degree of uncertainty produced around a point forecast. Table 5, Table 6 and   Table 7 report the ALP L statistics for all seven series and three different VAR sizes. The evidence here appears more mixed, with no single method emerging as a clear winner. At h = 1 using the medium and large VARs our method is the best performing one in four out of the seven series, while the BVAR-BGR works better in four out of seven cases in the x-large case for the same h = 1 horizon. However, these improvements are statistically significant only for the GS10 series. Other than this clear pattern, we can generally conclude that, based on all forecast horizons, the BVAR-KP and BVAR-BGR methods are performing consistently well, with the former doing well in the medium and large VARs and the latter doing well in the large and x-large dimensions. The fact that there is no clear winner when looking at the accuracy of the whole density forecasts should not come as a surprise. All competing methods, including the DFM and FAVAR, are imposing some sort of shrinkage to the VAR coefficients. In large dimensional VARs this shrinkage can introduce a substantial bias in the mean estimates while at the same time significantly reducing their variances. This is true both regarding the variance of the estimated BVAR coefficients as well as the final estimate of the VAR covariance matrix. What the final impact of these different shrinkage procedures is, remains uncertain, as the optimal trade-off between bias and variance will depend on the application and data used. In order to get an idea of how this bias/variance trade-off works with shrinkage estimators, consider again the case of one step-ahead (h = 1) forecasting of the consumer price index, and in particular the x-large VAR case. While this was the only case where BVAR-KP failed to generate a point forecast that was anywhere near the unrestricted VAR-OLS benchmark, the corresponding density forecast is not only better than the VAR-OLS benchmark, but it is the best among all shrinkage-based competing methods!
Conclusions
We have introduced a novel methodology for estimating BVARs which features a number of desirable properties, including scalability, flexibility, computational efficiency, and forecast accuracy. Our approach works extremely well with BVARs of both small, medium, and high dimensions, delivering analytical approximations to the marginal posterior distributions of the BVAR coefficients that are very accurate. In addition, our proposed algorithm for posterior inference is multiple times faster than the conventional Bayesian VAR methods that rely on simulation methods. We exploit the flexibility of this novel approach to extend the traditional Minnesota prior in an important new direction, where we allow each VAR coefficient to have its own shrinkage intensity. The hyperparameters controlling the tightness of the priors, in turn, are estimated alongside the BVAR coefficients, in a fully automated way and using only information contained in the data. We implement a thorough Monte Carlo analysis to quantify the benefits of our novel approach, and find that it can recover very accurately the underlying VAR coefficients. We also demonstrate, using an extensive macroeconomic application, the benefits of our adaptive shrinkage procedure in preventing over-fitting of large VARs and providing excellent forecasting performance. The top three panels of this figure plot the empirical distribution of the estimated shrinkage parameter λ obtained using the Giannone et al. (2015) approach for a small (n = 3), medium (n = 7), and large (n = 20) VAR(p). The middle three panels plot the empirical distribution of the estimated shrinkage intensity λi,j (i = 1, ..., n and j = 1, ..., np) estimated using our adaptive shrinkage procedure, and averaged over all VAR coefficients. The bottom three panels plot the average shrinkage intensity estimated by our adaptive procedure, broken down according to whether the corresponding VAR coefficients in the simulated data are equal to zero (i.e., E λi,j|ai,j = 0 ) or not (i.e., E λi,j|ai,j = 0 ). All empirical distributions are obtained by simulating 1, 000 VAR(p) of sample size T = 150 and lag length p = 2. See Section 4 for additional details on the design of the Monte Carlo simulation. 
MAD
Mean absolute deviation, N=20
This figure reports box plots for the empirical distributions of the Mean Absolute Deviations (MAD), obtained from estimating a VAR(p) with OLS, a BVAR using the Giannone et al. (2015) (BVAR-GLP), and our adaptive Minnesota prior approach. These empirical distributions are obtained by simulating 1, 000 VAR(p) of sample size T = 150 and lag length p = 2, and for each simulated dataset computing the optimal degree of shrinkage, either using the Giannone et al. (2015) approach or our procedure. For each of the three approaches and each of the 1000 simulations we next compute the Mean Absolute Deviation (M AD), defined as
where s denotes the method used, i.e. s ∈ (VAR-OLS, BVAR-GLP, adaptive Minnesota prior), r = 1, ..., 1000 keeps track of the MC simulations, n 2 p denotes the total number of lag coefficients in the VAR, A This figure plots the cumulative sum of weighted forecast errors generated by the VAR(p) model minus the cumulative sum of weighted forecast errors generated by model i for a medium size VAR. We define the weighted forecast error of model i and the VAR(p) model at time τ + h as we i,τ +h = e i,τ +h × W × e i,τ +h and we bcmk,τ +h = e bcmk,τ +h × W × e bcmk,τ +h , where e i,τ +h and e bcmk,τ +h are the (N × 1) vector of forecast errors, and W is an (N × N ) matrix of weights. We set N = 7, to focus on the following key seven series, {PAYEMS, CPIAUCSL,FEDFUNDS, GDP, UNRATE, GDPDEFL, GS10}. In addition, we set the matrix W to be a diagonal matrix featuring on the diagonal the inverse of the variances of the series to be forecast. t and t denote the start and end of the out-of-sample period, i ∈ {DFM,BVAR-BGR,BVAR-CCM,BVAR-GLP,BVAR-KP}, and h = 1, ..., 4. All forecasts are generated out-of-sample using recursive estimates of the models, with the out of This figure plots the cumulative sum of weighted forecast errors generated by the VAR(p * ) model minus the cumulative sum of weighted forecast errors generated by model i for a large size VAR. p * denotes the largest lag length that can be estimated in a VAR with flat priors and the data at hand. We define the weighted forecast error of model i and the VAR(p * ) model at time τ + h as we i,τ +h = e i,τ +h × W × e i,τ +h and we bcmk,τ +h = e bcmk,τ +h × W × e bcmk,τ +h , where e i,τ +h and e bcmk,τ +h are the (N × 1) vector of forecast errors, and W is an (N × N ) matrix of weights. We set N = 7, to focus on the following key seven series, {PAYEMS, CPIAUCSL,FEDFUNDS, GDP, UNRATE, GDPDEFL, GS10}. In addition, we set the matrix W to be a diagonal matrix featuring on the diagonal the inverse of the variances of the series to be forecast. t and t denote the start and end of the out-of-sample period, i ∈ {VAR,BVAR-BGR,BVAR-CCM,BVAR-GLP,BVAR-KP}, and h = 1, ..., 4. All forecasts are generated out-of-sample using recursive estimates of the models, with the out of This figure plots the cumulative sum of weighted forecast errors generated by the VAR(p) model minus the cumulative sum of weighted forecast errors generated by model i for a x-large VAR. p * denotes the largest lag length that can be estimated in a VAR with flat priors and the data at hand We define the weighted forecast error of model i and the VAR(p) model at time τ + h as we i,τ +h = e i,τ +h × W × e i,τ +h and we bcmk,τ +h = e bcmk,τ +h × W × e bcmk,τ +h , where e i,τ +h and e bcmk,τ +h are the (N × 1) vector of forecast errors, and W is an (N × N ) matrix of weights. We set N = 7, to focus on the following key seven series, {PAYEMS, CPIAUCSL,FEDFUNDS, GDP, UNRATE, GDPDEFL, GS10}. In addition, we set the matrix W to be a diagonal matrix featuring on the diagonal the inverse of the variances of the series to be forecast. t and t denote the start and end of the out-of-sample period, i ∈ {DFM,BVAR-BGR,BVAR-CCM,BVAR-GLP,BVAR-KP}, and h = 1, ..., 4. All forecasts are generated out-of-sample using recursive estimates of the models, with the out of 
where p * is the largest lag length that can be estimated in a VAR with flat priors and the data at hand, we i,τ +h = e i,τ +h × W × e i,τ +h and we bcmk,τ +h = e bcmk,τ +h × W × e bcmk,τ +h denote the weighted forecast errors of model i and the benchmark model at time τ + h, e i,τ +h and e bcmk,τ +h are the (N × 1) vector of forecast errors, and W is an (N × N ) matrix of weights. The left panels are based on N = 3, and focus on the following three series {FEDFUNDS, GDP, GDPDEFL} . The right panels focus on N = 7 and the following series {PAYEMS, CPIAUCSL,FEDFUNDS, GDP, UNRATE, GDPDEFL, GS10}. We set the matrix W to be a diagonal matrix featuring on the diagonal the inverse of the variances of the series to be forecast. t and t denote the start and end of the out-of-sample period, i ∈ {DFM,FAVAR,BVAR-BGR,BVAR-CCM,BVAR-GLP,BVAR-KP}, and h = 1, ..., 4. All forecasts are generated out-of-sample using recursive estimates of the models, with the out of sample period starting in 1985:Q1 and ending in 2015:Q4. Bold numbers indicate the lowest WMSFE and across all models for any given VAR size -forecast horizon pair. * significance at the 10% level; * * significance at the 5% level; * * * significance at the 1% level. † The factor-augmented VAR (FAVAR) of medium size only has the seven variables of interest observed but no additional variables to extract factors from. Therefore, the FAVAR estimated on the medium size is equivalent to the VAR estimated with OLS, and for that reason we do not report its results. , where p = 5, e 2 i,j,τ +h and e 2 bcmk,j,τ +h are the squared forecast errors of variable j at time τ and forecast horizon h generated by model i and the VAR(p) model, respectively. t and t denote the start and end of the out-of-sample period, i ∈ {DFM,BVAR-BGR,BVAR-CCM,BVAR-GLP,BVAR-KP}, j ∈ {PAYEMS, CPIAUCSL,FEDFUNDS, GDP, UNRATE, GDPDEFL, GS10}, and h = 1, ..., 4. All forecasts are generated out-of-sample using recursive estimates of the models, with the out of sample period starting in 1985:Q1 and ending in 2015:Q4. Bold numbers indicate the lowest MSFE across all models for a given variable-forecast horizon pair. * significance at the 10% level; * * significance at the 5% level; * * * significance at the 1% level. 
where LP L i,j,τ +h and LP L bcmk,j,τ +h are the log predictive likelihoods of variable j at time τ and forecast horizon h generated by model i and the VAR(p * ), respectively. t and t denote the start and end of the out-of-sample period, i ∈ {DFM,BVAR-BGR,BVAR-CCM,BVAR-GLP,BVAR-KP}, j ∈ {PAYEMS, CPIAUCSL,FEDFUNDS, GDP, UNRATE, GDPDEFL, GS10}, and h = 1, ..., 4. All forecasts are generated out-of-sample using recursive estimates of the models, with the out of sample period starting in 1985:Q1
and ending in 2015:Q4. Bold numbers indicate the lowest MSFE across all models for a given variable-forecast horizon pair. * significance at the 10% level; * * significance at the 5% level; * * * significance at the 1% level. 
where p * is the largest lag length that can be estimated in a VAR with flat priors and the data at hand, LP L i,j,τ +h and LP L bcmk,j,τ +h are the log predictive likelihoods of variable j at time τ and forecast horizon h generated by model i and the VAR(p * ), respectively. t and t denote the start and end of the out-of-sample period, i ∈ {DFM,FAVAR,BVAR-BGR,BVAR-CCM,BVAR-GLP,BVAR-KP}, j ∈ {PAYEMS, CPIAUCSL,FEDFUNDS, GDP, UNRATE, GDPDEFL, GS10}, and h = 1, ..., 4. All forecasts are generated out-of-sample using recursive estimates of the models, with the out of sample period starting in 1985:Q1
and ending in 2015:Q4. Bold numbers indicate the lowest MSFE across all models for a given variable-forecast horizon pair. * significance at the 10% level; * * significance at the 5% level; * * * significance at the 1% level.
Appendix A Proofs
In this section, we provide detailed derivations and proofs for all the main results in the paper.
A.1 Proof of rescaled regression
In this subsection, we provide details on the derivation of the rescaled regression in equation (14). Start from the original regression model for the i-th equation of the VAR(p) in (1), where we have exploited the following two results:
1. Z i,j Z i,j / Z i,j = Z i,j . This is due to the fact that Z i,j Z i,j = Z i,j 2 ;
2. By definition, Q 2 and q 1 are orthogonal. They all are columns of the orthogonal matrix Q = [q 1 |Q 2 ]), so by construction Q 2 q 1 Z i,j = 0.
Finally, note that E (Qv i ) = 0 while var (Qv i ) = σ 2 i QQ = σ 2 i I T , which gives equation (14).
A.2 Approximating the rotated likelihood
In this subsection, we provide details on the results in equations (16), (17), and (18). Start by focusing on the top row of (14), and note that the conditional density p y * i |β i , σ 2 i can be decomposed as follows The key to solving (A.10) it to compute the integral in the second row of the equation, which in turn will depend on the prior distribution adopted for p β i,(−j) , σ 2 i . There are many alternatives available for this. To stay consistent with the rest of our approach, we have chosen to rely on a natural conjugate Minnesota-type prior, which can cope well with the potentially high dimension of the (k i − 1) × 1 vector of VAR coefficients β i, (−j) , and at the same time yields a closed-form expression for the predictive density in (A.10). In particular, we specify β i,(−j) |λ i,(−j) , σ where we have made explicit that the prior for β i,(−j) depends also on the shrinkage parameter λ i,(−j) , which enter through the prior variance V β i,(−j) . The key difference between the prior in (A.11) and the prior for the individual VAR coefficients β i,j that we specified in (19) is the reliance in (A.11) on a common shrinkage coefficient λ i,(−j) . 28 Our motivation for this choice is that the sole purpose of the auxiliary regression is to compute the predictive density in (A.10), which is only the first step in implementing the adaptive shrinkage prior we discuss in the main body of the paper. the desired overall shrinkage level. The second approach is to choose λ i,(−j) by maximizing the marginal likelihood in (A.16), i.e. mirroring the approach we implemented for λ i,j . That is, λ i,(−j) = arg max λ i, (−j) p y i |λ i,(−j) .
(A.17)
Regardless of the approach chosen, i.e. whether we fix λ i,(−j) or compute λ i,(−j) as in (A.17),
we are now ready to derive the predictive density of the auxiliary regression (to ease the notation, we drop the dependence on the shrinkage parameter): This figure plot the empirical distribution of the shrinkage parameter λi,j estimated using our adaptive shrinkage procedure (i = 1, ..., n and j = 1, ..., np). The empirical distributions are obtained by simulating 1, 000 VAR(p) of sample size T = 150 and lag length p = 2. See Section 4 for additional details on the design of the Monte Carlo simulation. Next, for each simulated dataset we compute the optimal degree of shrinkage using our adaptive shrinkage procedure. We construct empirical distributions of the estimated shrinkage parameters λi,j according to whether the corresponding VAR coefficients belong to the own-lags category (E λi,i , i = 1, ..., n) or the other-lags category (E λi,j , i = 1, ..., n j = 1, ..., np, and i = j). We further break down the latter group according to whether the corresponding coefficients in the simulated data are equal to zero (i.e., E λi,j|ai,j = 0 )
or not (i.e., E λi,j|ai,j = 0 ).
